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We examine the current-induced dynamics of a skyrmion that is subject to both structural and
bulk inversion asymmetry. There arises a hybrid type of Dzyaloshinskii-Moriya interaction (DMI)
which is in the form of a mixture of interfacial and bulk DMIs. Examples include crystals with
symmetry classes Cn as well as magnetic multilayers composed of a ferromagnet with a noncen-
trosymmetric crystal and a nonmagnet with strong spin-orbit coupling. As a striking result, we find
that, in systems with a hybrid DMI, the spin-orbit-torque-induced skyrmion Hall angle is asym-
metric for the two different skyrmion polarities (±1 given by out-of-plane core magnetization), even
allowing one of them to be tuned to zero. We propose several experimental ways to achieve the
necessary straight skyrmion motion (with zero Hall angle) for racetrack memories, even without
antiferromagnetic interactions or any interaction with another magnet. Our results can be under-
stood within a simple picture by using a global spin rotation which maps the hybrid DMI model
to an effective model containing purely interfacial DMI. The formalism directly reveals the effective
spin torque and effective current that result in qualitatively different dynamics. Our work provides
a way to utilize symmetry breaking to eliminate detrimental phenomena as hybrid DMI eliminates
the skyrmion Hall angle.
I. INTRODUCTION
Magnetic skyrmions [1–3] are localized magnetic tex-
tures with nontrivial topology in real space and have been
experimentally realized as lattice structures [4, 5] and
individual entities [6]. They have received much atten-
tion due to interesting phenomenology arising from their
topological nature, such as the skyrmion Hall effect due
to the Magnus force [7–10] and the topological Hall ef-
fect due to the emergent electromagnetic fields [11–14].
Stabilization of highly localized skyrmions is achieved
by the Dzyaloshinskii-Moriya interaction (DMI) [15–
17]. The DMI is an antisymmetric exchange interaction
that breaks the chiral symmetry of magnetic textures
and favors skyrmions with a particular chirality. There
are two types of DMI mainly considered in the litera-
ture, commonly denoted as the interfacial and the bulk
DMIs. The interfacial DMI arises from structural inver-
sion asymmetry, typically present at interfaces between
a ferromagnet and an adjacent layer with strong spin-
orbit coupling [17–19]. The bulk DMI arises from non-
centrosymmetric crystal structures typically observed in
B20 compounds [20] such as MnSi [4], Fe1−xCoxSi [5],
FeGe [21], and Mn1−xFexGe [22–26]. In systems with
strong DMI, the interfacial DMI usually stabilizes Ne´el
skyrmions [27–29] while the bulk DMI in B20 compounds
stabilizes Bloch skyrmions [4, 5]. Although more general
crystal symmetries allow for generalized forms of bulk
DMI [1, 30–32], within this paper, we denote the one
stabilizing Bloch skyrmions by the bulk DMI [33].
∗ kyokim@uni-mainz.de
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Skyrmions are considered as promising candidates for
spintronic applications like racetrack memories [34, 35].
Advantages are the low critical current density to de-
pin skyrmions in a nanowire [13, 36], their tendency of
being less sensitive to impurities [37], and the recent dis-
covery of low pinning materials with the skyrmion mo-
tion [38]. While being an interesting consequence origi-
nating from topology, the skyrmion Hall effect imposes
an outstanding challenge for applications. It drives a
transverse motion of a skyrmion to the applied current,
pushing it to the boundary of a nanowire and possibly an-
nihilating it for typical current density used for racetrack
memories [8]. Hence, optimal for fast driving speeds and
information delivery rate is a straight skyrmion motion
along the nanowire. In order to suppress the skyrmion
Hall effect, previous works have suggested introducing
other degrees of freedom, such as antiferromagnetic in-
teractions [39, 40] and other magnetic layers [41, 42],
which can compensate the skyrmion Hall effect. How-
ever, a straight skyrmion motion is believed to be im-
possible within one ferromagnetic layer, although such
simple structures are preferable for applications. There-
fore, elimination of the skyrmion Hall effect within one
ferromagnetic layer is of significant importance in both
scientific and technological aspects.
In this paper, we show how to eliminate the skyrmion
Hall effect in a single ferromagnet by utilizing an ad-
ditional symmetry breaking. We consider ferromagnets
in which both structural inversion symmetry and crystal
centrosymmetry are broken [43], where the DMI arises in
the form of a mixture of the interfacial and bulk DMIs.
We call this mixture hybrid DMI throughout this paper.
The systems with hybrid DMI include crystals with sym-
metry classes Cn [44] and the state-of-the-art multilayer
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2systems consisting of thin chiral magnets (such as thin
B20 compounds) and nonmagnetic materials with strong
spin-orbit coupling (such as heavy metals like Pt [19]
and topological insulators like Bi2Se3 [45]), which is de-
picted in Fig. 1(a). We examine the skyrmion motion
driven by spin-orbit torque (SOT), whose examples in-
clude a spin Hall current injection from heavy metal [46–
48] and the spin-charge conversion from topological sur-
face states [49]. We find that the skyrmion Hall angle is
suppressed for one skyrmion polarity and enhanced for
the other.
We explicitly propose experiments on how to control
the skyrmion Hall angle by various means. By noting
that systems with hybrid DMI can be mapped onto sys-
tems with purely interfacial DMI by a global spin ro-
tation, we derive the effective spin torque and current
that are acting on hybrid systems. In particular, we find
that the direction of the effective current deviates from
the applied current direction and depends on the rela-
tive strengths of the two DMIs. In total, the skyrmion
Hall angle is asymmetric and is tunable by changing the
relative DMI strengths. We make several suggestions to
eliminate the skyrmion Hall angle for one polarity. As
a result, one can achieve a skyrmion motion along the
current in a single ferromagnetic layer without the need
of interactions with another layer or another sublattice.
Our paper suggests a way to exploit symmetry breaking
for eliminating detrimental phenomena.
This paper is organized as follows. In Sec. II, we intro-
duce a rotational mapping which maps the hybrid DMI
to an effective interfacial DMI. In Sec. III, we apply the
mapping to a nonequilibrium situation to derive an ef-
fective spin torque. In Sec. IV, we show the asymmetry
of the skyrmion Hall effect and possibility for making it
zero. In Sec. VI, we make more remarks on our the-
ory and suggest various ways to tune the skyrmion Hall
angle to zero. In Sec. VII, we summarize the paper. Ap-
pendices include some useful information which are not
directly related to the main flow of our paper.
II. HYBRID DMI AS AN EFFECTIVE
INTERFACIAL DMI
We first introduce a mapping of the hybrid DMI to
an effective DMI. In contrast to Ref. [43], where the hy-
brid DMI is mapped to an effective bulk DMI, in this
paper we map it to an interfacial one, in order to di-
rectly apply previous knowledge [9, 10] on the SOT-
driven skyrmion motion. To provide insight, we first
present the main idea behind the mapping within a sim-
ple two-spin model [Fig. 1(b)–1(e)]. The DMI energy
for two spins S1 and S2 that are distant along the r di-
rection takes the form EDMI = D · (S1 × S2) for the
DMI vector D [15, 16]. For the interfacial and bulk
DMIs [Figs. 1(b) and 1(c)], the DMI vectors are given
by Dint = Dintzˆ × rˆ and Dbulk = −Dbulkrˆ respectively,
where Dint/bulk refers to the strength of each DMI, rˆ is
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FIG. 1. (a) Sketch of a system with hybrid DMI, where there
exists the bulk DMI as well as the interfacial DMI with the
help of strong spin-orbit coupling (SOC). Two-spin models
for (b) interfacial, (c) bulk, and (d) hybrid DMIs with corre-
sponding DMI vectors (red). Dhyb is tilted by a finite angle
ωD from the direction of Dint. (e) Hybrid DMI is equivalent to
the effective interfacial DMI with rotated spins S˜i = R−ωDz Si,
where Rψz denotes the rotation by ψ around the z axis.
the unit vector along r, and zˆ is the interface normal
direction. The hybrid DMI [Fig. 1(d)] is described by
the hybrid vector Dhyb = Dint + Dbulk, which is tilted
by an angle ωD from Dint, i.e., Dint = Dhyb cosωD and
Dbulk = Dhyb sinωD. From the spin rotation R−ωDz
[Figs. 1(d) and 1(e)] and the rotational invariance of
triple scalar products [Eq. (A1)], we obtain the follow-
ing effective interfacial DMI:
Dhyb · (S1 × S2) = D˜int · (S˜1 × S˜2), (1)
where D˜int ≡ R−ωDz Dhyb = Dhybzˆ × rˆ is the effective
interfacial DMI vector for rotated spins S˜i = R−ωDz Si.
Therefore, the physical properties of spins subject to the
hybrid DMI are given by those of rotated spins under the
effective interfacial DMI, provided that all other energy
contributions are invariant under R−ωDz . In real crystals,
however, the continuous rotational symmetry of energy
contributions is not strictly valid. In Appendix B, we
mathematically prove that the main conclusion of our
paper is unaltered even for real crystals lacking continu-
ous rotational symmetry.
To apply this insight to continuous magnetic sys-
tems, we start from the magnetic energy functional
E = E0[m] + EDMI[m] for a two-dimensional ferromag-
net. The non-DMI contribution is given by E0[m] =∫
d3r[A(|∂xm|2 + |∂ym|2) − Kzm2z] where A is the ex-
change stiffness, and m = m(x, y) is the unit vector
3along the local magnetization, and Kz is the uniaxial
anisotropy. We consider a system with perpendicular
magnetic anisotropy (Kz > 0), which is preferable for
applications [50] and naturally arises from the interfa-
cial spin-orbit coupling [51, 52] or the topological surface
states [53, 54]. Regarding dipolar interactions, the DMI
typically dominates over them in the properties of mag-
netic textures [37] although they can be important in the
absence of DMI [55]. In Sec. V, we present the results of
micromagnetic simulations, which confirms that dipolar
interactions do not change our main conclusion qualita-
tively (see Fig. 4 for more information). EDMI[m] is the
hybrid DMI contribution,
EDMI[m] = DintEint[m] +DbulkEbulk[m], (2a)
where Dint and Dbulk are the strengths of the interfacial
and bulk DMI respectively, and the continuous forms of
the DMIs are given by Eint =
∫
d3r
∑
u=x,y(zˆ× uˆ) · (m×
∂um), and Ebulk =
∫
d3r m · (∇ ×m). The continuous
analog of Eq. (1) gives
E = E0[m˜] +DhybEint[m˜], (2b)
with the globally rotated magnetization m˜ = R−ωDz m.
Note that the effective DMI strength |D˜int| is identical
to Dhyb. This effective model for m˜ contains the in-
terfacial DMI only and thus stabilizes Ne´el skyrmions
[Fig. 2(a)]. Then, one can directly apply previously de-
veloped knowledge on Ne´el skyrmions [9, 10] to examine
physical properties of m by applying the inverse rotation.
For example, hybrid DMI stabilizes a structure interpo-
lating between Ne´el and Bloch skyrmions (Fig. 2) [43],
which we call an intermediate skyrmion. The stability of
intermediate skyrmions are immediately given by previ-
ous studies for Ne´el and Bloch skyrmions [56, 57] if the
DMI strength is replaced by Dhyb. Note that the stabil-
ity and the equilibrium properties (such as the skyrmion
diameter) are independent of ωD. Our micromagnetic
simulations show that this is a good approximation even
in the presence of dipolar interactions [see Fig. 4(a) in
Sec. V for more information].
III. NONEQUILIBRIUM: EFFECTIVE SPIN
TORQUE
To describe the dynamics of intermediate skyrmions
in nonequilibrium, we start from the Landau-Lifshitz-
Gilbert equation:
∂tm = −γm×Heff + αm× ∂tm+T[m], (3a)
where Heff = M
−1
s (2A∇2m + 2Kzmz zˆ + Dinthint[m] +
Dbulkhbulk[m]) is the effective magnetic field for m,
hint/bulk = −δEint/bulk/δm, γ is the gyromagnetic ratio,
α is the Gilbert damping parameter, and T[m] refers to
the spin torque induced by an applied current. In terms
of m˜, Eq. (3a) is equivalent to
∂tm˜ = −γm˜× H˜eff + αm˜× ∂tm˜+ T˜[m˜], (3b)
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FIG. 2. Skyrmions stabilized by (a) interfacial DMI, (b) bulk
DMI, and (c) hybrid DMI. They can be transformed into each
other via a global spin rotation. (inset) Top view of the red-
boxed regions, each of which shows (a) Ne´el wall, (b) Bloch
wall, and (c) an intermediate wall, respectively.
where H˜eff = M
−1
s (2A∇2m˜ + 2Kzm˜z zˆ + Dhybhint[m˜])
is the effective field for m˜ and contains an (effective) in-
terfacial DMI contribution only. T˜[m˜] = R−ωDz T[m] is
the effective spin torque acting on m˜, which is discussed
extensively below. Equation (3b) implies that the dy-
namics of an intermediate skyrmion is described by that
of a Ne´el skyrmion with an effective spin torque (see Ta-
ble I).
There are three remarks. First, our theory does not re-
quire any ansatz on the internal structures of skyrmions,
thus it is valid even when a current-induced deforma-
tion of skyrmion [10] and higher order skyrmions [58] are
taken into account. Second, our mapping still works for
more general models including a generalized form of the
interfacial DMI [58, 59]. Third, although introduction of
in-plane fields or anisotropies breaks the rotational sym-
metry, our theory is still valid if they appear as rotated
terms in H˜eff .
The effective spin torque in terms of m˜ is
T˜[m˜] = R−ωDz T[R
ωD
z m˜]. (3c)
Equation (3b) with Eq. (3c) is the first central result of
this paper. It implies that spin torques that are covariant
under rotation, i.e., T[RωDz m˜] = RωDz T[m˜], impose the
same dynamics for the intermediate skyrmion as for a
Frame Spins DMI Skyrmion Spin torque Current
Lab frame m Hybrid Intermediate T[m] j
Rotated m˜ Interfacial Ne´el T˜[m˜] j˜
TABLE I. Analogous descriptions of intermediate skyrmions
(upper row) and Ne´el skyrmions (lower row). Previously
developed knowledge on the Ne´el skyrmion dynamics gives
the intermediate skyrmion dynamics without explicit calcula-
tions.
4Ne´el skyrmion, since T˜[m˜] = T[m˜]. This is in particular
the case for adiabatic [60] and nonadiabatic [61] spin-
transfer torques as explicitly shown in Appendix A 3.
On the other hand, when the spin torque includes
a term not covariant under rotation, the intermediate
skyrmion shows a qualitatively different dynamics from a
Ne´el skyrmion. Crucially, we show below that SOTs do
lead to qualitatively different dynamics for intermediate
skyrmions. SOTs arise in systems composed of materials
with strong spin-orbit coupling and magnetic layers as
we consider in this work. Moreover, they dominate the
adiabatic and nonadiabatic spin torques [46, 49, 62, 63].
Examples of such SOTs include a spin Hall current injec-
tion from heavy metal [46–48] and the spin-charge con-
version from topological surface states [49]. They take
the form
T[m] = τfm× (zˆ× j) + τdm× [m× (zˆ× j)] (4a)
where τf and τd are coefficients for the field-like SOT [64,
65] and the damping-like SOT [66–69], respectively.
They are proportional to the spin Hall angle of the heavy
metal or the spin-charge conversion efficiency of the topo-
logical surface states. The roles of internally generated
SOT in the ferromagnet [70], which is another type of
SOT, are discussed in Appendix C. Applying Eq. (3c) to
Eq. (4a) gives the effective SOT
T˜[m˜] = τfm˜× (zˆ× j˜) + τdm˜× [m˜× (zˆ× j˜)]. (4b)
Equation (4b) is straightforwardly verified by using the
rotational covariance of cross products [Eq. (A2)] as well
as by a direct calculation. Despite the resemblance to
Eq. (4a), the effective current j˜ = R−ωDz j, felt by the ro-
tated magnetization m˜, enters in Eq. (4b) (see Fig. 3),
thus T˜[m˜] 6= T[m˜]. The reason for obtaining a different
torque is the appearance of the fixed direction zˆ × j in-
dependent of m˜, which breaks the rotational covariance
of the SOT. Consequently, the dynamics of intermediate
skyrmions is given by that of Ne´el skyrmions under the ef-
fective current j˜, which has a different direction from the
applied current j. This results in significant implications
on current-induced dynamics of intermediate skyrmions
as we demonstrate in Sec. IV.
IV. ASYMMETRIC SKYRMION HALL EFFECT
AND ZERO HALL ANGLE
Before describing the dynamics of intermediate
skyrmions, we first briefly review the SOT-induced dy-
namics of Ne´el skyrmions [9, 10]. In Fig. 3(a), we sketch a
Ne´el skyrmion with the negative polarity (i.e., mz = −1
at the core). There are several forces acting on it (inset).
As a result of SOT, a force along the current j is ex-
erted on the Ne´el skyrmion, inducing its motion. While
the skyrmion is moving, there arises a dissipative (gy-
rotropic) force along (perpendicular to) its velocity such
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FIG. 3. Top-viewed sketches of SOT-induced motions of
a Ne´el skyrmion and an intermediate skyrmion and their
skyrmion Hall effect (SkHE). (a) For the Ne´el skyrmion, the
skyrmion Hall effect is symmetric for each skyrmion polarity
(black solid and black dot-dashed arrows). (b) An intermedi-
ate skyrmion feels an effective current j˜ which is rotated by
−ωD. Thus, we obtain an asymmetric skyrmion Hall effect
[Eq. (5)]. (inset) Forces acting on the Ne´el skyrmion at the
initial state.
that the steady state skyrmion motion direction is devi-
ated from j with a nonzero tilting angle θ0 (black solid
arrow). This effect is called the skyrmion Hall effect. For
the positive polarity (the core magnetization mz = 1),
it is subject to an opposite gyrotropic force, thus the
transverse velocity is opposite (black dot-dashed arrow).
Hence, the skyrmion Hall angles for each polarity of the
Ne´el skyrmion have the same magnitudes but opposite
signs: θNSkHE,± = ∓θ0, where the signs refer to the po-
larities and the superscript N refers to Ne´el skyrmions
[Fig. 3(a)].
Applying Table I allows a direct extension of the above
knowledge to the intermediate skyrmion dynamics. In
the rotated frame, the magnetic texture forms a Ne´el
skyrmion which is subject to the effective current j˜.
Therefore, the nonzero tilting angle ±θ0 arises symmet-
rically around j˜, thus is asymmetric around j. Getting
5(a) (b)
FIG. 4. (a) Skyrmion diameters for various Dbulk/Dint ratios including dipolar interactions. (b) Skyrmion Hall angles for
various Dbulk/Dint ratios and skyrmion polarities, with and without dipolar interactions (denoted by demag and no demag,
respectively).
back to the laboratory frame immediately gives the in-
termediate skyrmion dynamics in Fig. 3(b) and its Hall
angle
θISkHE,± = −ωD ∓ θ0, (5)
which is the second central result of this paper. Here the
superscript I refers to intermediate skyrmions. Equa-
tion (5) is also confirmed by the collective coordinate
approach [71] (Appendix D) and by micromagnetic sim-
ulations (Sec. V). Depending on the skyrmion polarity,
the magnitude of the skyrmion Hall angle is enhanced or
suppressed. For device applications, the skyrmion polar-
ity with the lower magnitude can be chosen via changing
the background magnetization.
Equation (5) implies the possibility to completely elim-
inate the skyrmion Hall angle for one polarity when
|θ0| = |ωD|. From tanωD = Dbulk/Dint, the relative
strength of the DMIs is crucial to realize this. For an esti-
mation for this possibility, we use the experimentally ob-
served skyrmion Hall angle |θ0| ≈ 30◦ [9, 10] and common
bulk DMI strengths range |Dbulk| = (0.0 to 2.0) mJ/m2
(Table II). To achieve |θ0| = |ωD|, this corresponds
to a range of interfacial DMI strengths of |Dint| =
(0.0 to 3.4) mJ/m2, which coincides well with the typ-
ical range of the interfacial DMI strength, |Dint| =
(0.0 to 3.0) mJ/m2, reported for ferromagnets in contact
Compound MnSi MnGe FeGe Mn1−xFexGe Mn1−xIrxSi
|Dbulk| 0.81 0.54 0.87 0.00–1.95 0.76–0.81
TABLE II. Reported strengths of the bulk DMI (mJ/m2) for
various B20 compounds. The strengths for Mn1−xFexGe are
taken from Refs. [24, 25] and those for the other are taken
from Ref. [72] and references therein. For conversions between
strengths for discrete models to continuum models, we use the
lattice constants in Ref. [73] and references therein.
with Pt, Ta, and Ir [19, 74–78]. In Sec. VI, we propose
various ways to realize the zero Hall angle experimentally.
V. MICROMAGNETIC SIMULATIONS
We perform micromagnetic simulations to verify our
assumptions and reproduce the key results obtained
from our simple analytic formalism in the more real-
istic case including dipolar interactions. Our simula-
tions were performed with MuMax3 [79] available at
http://mumax.github.io/ to solve the Landau-Lifshitz-
Gilbert equation. The code is modified to simulate both
interfacial and bulk DMIs simultaneously. We simulate a
system containing 128×128×1 cells of 1 nm cell size and
0.5 nm thickness and impose a periodic boundary condi-
tion. The following material parameters were used: the
exchange stiffness A = 10−11 J/m, the saturation mag-
netization Ms = 6 × 105 A/m, the perpendicular mag-
netic anisotropy Kz = 5×105 J/m3, the Gilbert damping
α = 1, and various values of the DMI strengths.
First, we examine the static properties of intermediate
skyrmions. Our simulations show that the stability and
the size are basically the same for various Dbulk/Dint ra-
tios when Dhyb is fixed [Fig. 4(a)]. The slight deviations
from exact horizontal lines originate from dipolar interac-
tions, which is confirmed by additional simulations with-
out dipolar interactions (not shown). This is in perfect
agreement with our analytic theory.
We then perform the simulation for the skyrmion Hall
angle as presented in Fig. 4(b). The simulation shows
that one can always find a proper ωD value which makes
the skyrmion Hall angle zero. Thus, the main conclusion
of our work is unchanged.
More quantitatively, for the parameters chosen, the
zero Hall angle occurs atDbulk/Dint = 0.91 without dipo-
lar interactions (green line) and Dbulk/Dint = 0.64 with
6dipolar interactions for Dhyb = 2.6 mJ/m
2 (red line).
The nonnegligible difference between the two values orig-
inates from the different skyrmion diameter. θ0 is de-
pendent on the skyrmion diameter [9, 10] and we also
check the dependency in our simulations (not shown).
To match the skyrmion diameters, we perform another
simulation with Dhyb = 3.8 mJ/m
2 (blue line) where the
skyrmion diameter is approximately given by that of the
red line. The zero Hall angle occurs atDbulk/Dint = 0.53,
which deviates the value for the red line by a small dif-
ference. This difference could originate from different
domain wall widths, which is also dependent on the DMI
value and is proportional to tan θ0 [10].
VI. DISCUSSION
There are three remarks. First, it is interesting that
the skyrmion Hall effect is eliminated while the topolog-
ical Hall effect of electrons is still present. Second, the
zero skyrmion Hall angle is preserved under current rever-
sal, which is apparent by rotation of the sample around
the z axis by pi. Third, θ0 can have linear current de-
pendence due to disorder [9, 80] and higher order distor-
tions [10] particularly in a low current density regime. In
this regime, the zero Hall angle occurs only at a partic-
ular current density. However, our primary interest is a
more high current density regime where the skyrmion in-
formation is delivered with a high speed. In this regime,
the skyrmion Hall angle saturates, thus the zero Hall an-
gle is stable against current variations. The saturation
current density is on the order of 1011 A/m2 [9], which is
the typical order of magnitude used for racetrack applica-
tions. The numerous ongoing researches on the spin-orbit
torque efficiency will even reduce it in the future. These
justify the regime of our consideration.
In order to realize the zero Hall angle, tuning the DMI
strengths is crucial for achieving |θ0| = |ωD|. We present
various ways to tune the DMI strength in experiment. (i)
Thickness variations: Since Dint is an interface contribu-
tion, varying thickness of the ferromagnetic layer [19, 52]
or the adjacent nonmagnetic layer [52, 81] changes Dint
significantly. (ii) Modifying interface properties: Con-
trolling interface properties by oxygen [82] or Ar+ irradi-
ation with various irradiation energies [83] allows a fine
tuning of Dint and even changing its sign. Moreover,
insertion of a layer is also possible to change Dint signifi-
cantly [59, 84]. (iii) Voltage-induced control of interfacial
DMI: A perpendicular gate voltage changes the asymme-
try along the z direction, thus it changes the interfacial
DMI strength [85, 86], dynamically. (iv) Composition
variation: As demonstrated in Mn1−xFexGe for various
x [22–26], varying the composition of the bulk material
allows changing the magnitude and sign of Dbulk. (v)
Strain: Dbulk can also be controlled dynamically by us-
ing a strain [43, 87, 88]. Since the change of the bulk DMI
is anisotropic, more quantitative studies are required for
this direction.
VII. SUMMARY
In summary, we demonstrate an asymmetric skyrmion
Hall effect driven by SOTs in the presence of mixture
of the interfacial and bulk DMIs, where an intermedi-
ate skyrmion interpolating between a Ne´el and a Bloch
skyrmions is stabilized. We develop an effective theory
for the dynamics of intermediate skyrmions by mapping
it onto that of effective Ne´el skyrmions. This allows ex-
amining the intermediate skyrmion dynamics without ad-
ditional explicit calculations. The effective current felt
by the skyrmion is tilted by an angle determined by
the relative strength of the two DMIs. As a result, the
skyrmion Hall angle is asymmetric for each skyrmion po-
larity. By an explicit estimation with realistic values, we
demonstrate the possibility to completely eliminate the
skyrmion Hall effect for one polarity even without the
help of antiferromagnetic interactions or another layer.
We make several suggestions for the experimental real-
ization of it, via tuning the strengths of the DMIs. Our
work provides a way to exploit symmetry breaking for re-
moving detrimental phenomena as well as advances next
generation spintronic applications based on skyrmions.
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Appendix A: Rotational transformation of vector
products
1. Rotational invariance of triple scalar products
Given arbitrary three-dimensional vectors a, b, and
c and an arbitrary rotation matrix R, the triple scalar
product c · (a× b) is invariant under R, i.e.,
c · (a× b) = (Rc) · [(Ra)× (Rb)]. (A1)
This can be intuitively understood by the fact that the
triple scalar product is nothing but the volume of the par-
7allelepiped whose edges are given by a, b, and c, which
does not change under any rotation.
2. Rotational covariance of cross products
Given arbitrary three-dimensional vectors a and b and
an arbitrary rotation matrix R, the cross product a× b
is rotationally covariant, i.e.,
(Ra)× (Rb) = R(a× b). (A2)
This means that the rotation of a cross product is nothing
but the cross product of the rotated vectors, which can
be intuitively understood by the right-hand rule for cross
products.
3. Rotational covariance of the conventional
spin-transfer torques
We start from the conventional spin-transfer torques
in the form of adiabatic [60] and nonadiabtic [61] torques
Tconv(m) = b(j · ∇)m+ cm× (j · ∇)m and show
Tconv(Rm) = RTconv(m), (A3)
for an arbitrary global rotation R. Here b and c are
coefficients for adiabatic and nonadiabatic spin-transfer
torques and j is the applied current.
Since R is a global rotation which is independent of
position, it commutes with gradients. This means that
the adiabatic spin-transfer torque is covariant under R:
b(j · ∇)(Rm) = R[b(j · ∇)m]. Additional use of the
rotational covariance of the cross product [Eq. (A2)]
leads us to that the nonadiabatic spin-transfer torque
is also covariant under R: c(Rm) × (j · ∇)(Rm) =
c(Rm)×R[(j ·∇)m] = R[cm× (j ·∇)m]. These two ob-
servations show the rotational covariance of the conven-
tional spin-transfer torques Tconv(Rm) = RTconv(m),
not resulting in the asymmetric skyrmion Hall effect.
Appendix B: Breakdown of continuous rotational
symmetry
We prove here that the main conclusion made in our
paper is unchanged for real crystals where continuous
rotational symmetry is broken. More precisely, even if
continuous rotational symmetry is broken, the discrete
rotational symmetry of crystals allows for zero skyrmion
Hall angle for proper choice of ωD.
Consider a crystal with an n-fold discrete rotational
symmetry around the z axis and denote the skyrmion
Hall angle as a function of ωD by θSkHE,p(ωD), where p
is the polarity of the skyrmion. Since the system lacks
the continuous rotational symmetry, θSkHE,p(ωD) is not
strictly given by −ωD − pθ0 as derived in the main text
[Eq. (5)]. Nevertheless, we can show that it is always
possible to tune the skyrmion Hall angle to zero by the
following proof. Since the crystal has an n-fold discrete
rotational symmetry, all energy terms are invariant un-
der discrete rotation by ±2kpi/n, where k is a positive
integer smaller than n. Then, Eq. (5) is valid for these
special angles. We now consider k such that 2kpi/n > θ0.
This choice is always possible since the observed θ0 does
not exceed pi/2. Applying Eq. (5) for the angles ±2kpi/n
leads to θSkHE,p(2kpi/n) > 0 and θSkHE,p(2kpi/n) < 0.
Now the intermediate value theorem for continuous func-
tions implies that it is always possible to find an an-
gle ωD in the range −2kpi/n < ωD < 2kpi/n such that
θSkHE,p(ωD) = 0. This proves that it is always possi-
ble to tune the skyrmion Hall angle to zero even when
continuous rotational symmetry is broken.
Appendix C: Roles of internally generated SOT
In the present paper, we consider SOTs originating
from the adjacent layer, which do not change their form
when the form of the DMI is altered. In contrast, inter-
nally generated SOTs within the ferromagnet can change
their form when hybrid DMI is taken into account, if
they have the same origin as DMI [18, 89]. A previous
work [70] examines the skyrmion motion driven by the
internal SOTs for various types of spin-orbit coupling, in-
cluding Rashba, Dresselhaus, Weyl, and their mixtures.
Due to the correlation between the form of the internal
SOTs and DMI, an asymmetric skyrmion Hall effect was
not observed in that work. We emphasize that (i) the
additional consideration of the internal SOTs does not
change the main result of our work, i.e., the asymmet-
ric skyrmion Hall effect. (ii) High resistivities of chiral
magnets based on Mn, Si, and Ge [90, 91] (several times
larger than Pt for example) imply that the effects of in-
ternal SOTs are typically smaller than those of external
SOTs. Thus, we claim that the asymmetric skyrmion
motion will be the dominant effect.
Appendix D: Collective coordinate approach for the
asymmetric skyrmion Hall effect
We derive the skyrmion Hall effect by using the Thiele
approach [71]. This approach is restricted for the rigid
regime, where the roles of skyrmion deformation are neg-
ligible, but allows calculating the skyrmion Hall angle di-
rectly without rotational transformation. We start from
the following Landau-Lifshitz-Gilbert equation.
∂tm = −γm×Heff + αm× ∂tm+T(m), (D1)
where SOT is given by T(m) = τfm × (zˆ × j) + τdm ×
[m×(zˆ×j)]. Assuming a rigid motion of the skyrmion, let
m0(r) be the skyrmion stabilized by m×Heff |m=m0 = 0
and its center is chosen by r = 0 without loss of general-
ity. Then the intermediate skyrmion is given by m0(r) =
(sin θ(ρ) cos(φ+ωD), sin θ(ρ) sin(φ+ωD), cos θ(ρ)), where
8ρ =
√
x2 + y2 and φ = arg(x + iy), as demonstrated in
the main text. θ(ρ) satisfies limρ→0 cos θ(ρ) = ±1 and
limρ→∞ cos θ(ρ) = ∓1 depending on the skyrmion polar-
ity. The detailed form of θ(ρ) [92] is not necessary for
our calculation.
We assume that, in the presence of SOT, the mag-
netism profile is m(r) = m0(r − R(t)), where R(t) =
(X(t), Y (t)) is the position of the skyrmion. Then,
the Thiele equations are given by
∫
[Eq. (D1)] · (m ×
∂Xm)d
2r = 0 and
∫
[Eq. (D1)]·(m×∂Ym)d2r = 0. After
some algebra, we obtain the following equation of motion
for X(t) and Y (t).(
0 −G
G 0
)(
X˙
Y˙
)
=
(
D 0
0 D
)(
X˙
Y˙
)
+
(
cosωD sinωD
− sinωD cosωD
)(
F SOTx
F SOTy
)
,
(D2)
where X˙ = X ′(t), Y˙ = Y ′(t), G = − ∫ m0 · (∂xm0 ×
∂ym0)d
2r is the skyrmion number multiplied by −4pi,
D = α ∫ ∂xm0 · ∂xm0d2r = α ∫ ∂ym0 · ∂ym0d2r, and
F SOTi =
∫
T(m) · (m × ∂Rim)d2r for ωD = 0. Here
F SOTx is proportional to τd and F
SOT
y is proportional to
τf .
First we calculate the skyrmion Hall angle for ωD = 0,
i.e., θNSkHE,±. After some algebra, Eq. (D2) leads to
tan θNSkHE,± =
Y˙
X˙
∣∣∣∣∣
ωD=0
=
GF SOTx +DF SOTy
DF SOTx −GF SOTy
, (D3)
which is consistent with Refs. [9, 10]. For an opposite
polarity (m0 → −m0), G and F SOTy change their signs,
thus tan θNSkHE,± is symmetric under the reversal of the
skyrmion polarity.
Now we restore a nonzero ωD. From Eq. (D2), we
obtain after some algebra
tan θISkHE,± =
Y˙
X˙
= tan
(−ωD + θNSkHE,±) , (D4)
which is consistent with Eq. (5) in the main text.
Since Eq. (5) is obtained without assuming any ansatz,
Eq. (D4) is a special case of it. Nevertheless, one can
find more physical meaning from this calculation. Since
we do not explicitly assume the form of the DMI here,
the skyrmion Hall effect for an intermediate skyrmion
is asymmetric regardless of the microscopic mechanism.
For instance, if an intermediate skyrmion is stabilized by
dipolar interactions (without the bulk DMI) [57], it also
leads to an asymmetric skyrmion Hall effect.
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